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Concept of error in constitutive equation

Identification of material constitutive properties

Generic problem: ldentify (possibly heterogeneous) material parameters from overdetermined
data, e.g.:

® kinematic data on the boundary;
® vibrational data (eigenfrequencies, eigenmodes at sensors);
® full-field kinematic response of solid under dynamical excitation...

P bonooo

NN =P

Identification often based on minimizing a data misfit functional
® (weighted) least squares...;
® Reciprocity residuals (reciprocity gap method, virtual fields method);
® Bayesian approaches;

® Error in constitutive equation (ECR)
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Concept of error in constitutive equation

Concept of error in constitutive equation (ECR)

® Simplest version of ECR (small-strain linear elasticity):

@) = /(cr—C e[u]):C: (o — C:eu]) dV

E(C):= min _&(u,0,C)
u€eKA,oc€SA
L E(C): Energy-based measure of mismatch between KA and SA spaces for given domain,
material and loading = mechanically meaningful cost functional.
> First introduced for error estimation in FEM [Ladevéze, Leguillon 1983];
> Soon also proved useful for identification problems [e.g. Reynier 1990]
> Similar ideas independently in EIT [Kohn, Vogelius, McKenney, c. 1990]
> Also useful for Cauchy / data completion problems [Andrieux, Ben Abda 2006]
> Plasticity, damage... [e.g. Latourte et al. 2007, Marchand et al. 2018]
> Special case of Fenchel error =—> ECR for generalized standard materials

® Time-harmonic formulation for e.g. FE model updating
[e.g. Reynier 90; Moine 97; Deraemaeker 01; Banerjee et al. 13; Aquino, B 19; many more]

® Time domain formulation

[Allix, Feissel, Nguyen 05; Allix, Feissel 06] (spatially 1D), [Aquino, B 14]
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Concept of error in constitutive equation

Error in constitutive relation (ECR)

E(v,T,C) = 0| <= (elastic) constitutive eq. satisfied (in L?())

® Hence, elastic equilibrium problem, e.g.

v="1 on Sy (compatibility)
—divr = f in Q, Tn=t onSt (equilibrium)
T=C:elv] inQ (constitutive)

as ECR minimization (for given material):

(u,0) = arg min E(v,T,C)
(v,T)EC(T)xS(E, f)
Typically: KA = {v e H(Q), v satisfies (compatibility) }
SA = {7 € Hy\(Q2), T=7° and satisfies (equilibrium) }

® Combines potential and complementary energy minimizations:

£(v,,€) = P(v,C) + P*(r,C) |

P(v):%/ﬂs[’u]:C:s[’u] de/pr.vde ; tvdS

7>*(7-):l T:ClirdV — [ [rn]ladS,
2Ja S
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Concept of error in constitutive equation

Variational formulations, error estimation

This retrieves well-known uncoupled minimizations of potential and complementary energies:

u = arg min P(v,C) o = arg min P*(7,C)
vecl(w) TES(L, f)

(i) E(u,0,C) = E(C) = 0 indicates that C is consistent with kinematic and static data.
Performing either minimization suffices.

® Eg. u=arg minP(v,C) then o = C:elu]
velC(a)

(ii) En(up,oR,C) = Ep(C) > 0 allows to defini error indicators additive w.r.t. finite elements
® Original motivation for introducing the ECR concept
(iii) £(u,0,C) = £(C) > 0 indicates that C is not consistent with kinematic and static data.

® E.g. material identification / imaging problem with incorrectly known constitutive properties.
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Concept of error in constitutive equation

Generalization to other constitutive models

® (elastic) ECR given in terms of free energy and conjugate potentials v, 1)*

£, 7,C) :/ ((efo]) +9* () — 7:efv] ) dV
@ Legendre-Fenchel gap, > 0
Y(e) = e:Cie, YP*(r):=ir:c7l:iT.

® More generally (small-strain nonlinear elasticity), same definition of £(v, T,C) if
> 1p: convex free energy density with ¢ > 0 and (0) =0;
> ¢*(7): (convex) conjugate potential

P*(T) = sup (t:e—9(e))

® Further generalization: generalized standard materials (GSMs)
, in terms of free energy v and dissipation ¢ potentials:
T= T LT = O(e,0) + Oip(6,4), A= —Datble, @) = Dsp(, &)
(ax: internal variables, A: conjugate thermodynamic forces). ECR functionals then defined
in terms of Legendre-Fenchel gaps
P(e, o) +* (7Y, A) — T™:ie+ At > 0,
o(E,6) + (7" A) — 7" — A:ae > 0.

ECR functionals may be defined (using Legendre-Fenchel gaps) for all GSMs. )
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Concept of error in constitutive equation
ECR-based material identification
® Minimization of pure ECR:

C = arg min{ min _ E(v, T, B)}
BeQ veEKA, TESA

KA = {v € H*(Q), v verifies all kinematic constraints and data }
SA = {7- € H 4, (), 7=7"° and verifies all balance constraints

However, exact imposition of noisy data usually inadvisable.
® Minimization of modified ECR (MECR):

Ak (v, 7,C) := E(v,T,C) + KD(U — Uops)
1
& : original ECR, D : quadratic >0, eg. D(w) = 5/ |w|? dV.
Qm

> Enforces kinematic data via penalization (so data not embedded in KA space)
> k: tunable penalty (or coupling) parameter, akin to regularization (see later)
® Reduced MECR functional:

(u,0) ;== argmin A, (v,7,C), Ax(C) := Ak (u,0,C) (PM)
veEKA, TE€SA

> Quadratic partial minimization problem (see later), i.e. linear stationarity egs.
> u=u|C],o = o[C] best compromise between (i) constitutive guess C, (ii) measurements
> Ak (C) #0: residual MECR value reflecting incorrectly-known material.
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Concept of error in constitutive equation

ECR-type functional for electrical impedance imaging

® Equations (v: potential, e: electric field, g: current):
divg(@) =0,  q(2) = a@e(®), e(@) = —Vu(@)
® ECR-type functional for N experiments with data v for v and ¢ for g.n on 92:

N
Eaon,conayay) =3 [ al/?Vota 2g)P dv
=179

Note:
_ 1 1
a'/2Vv +a=1/2q|? = ~la+aVull* = ~|g—ae|?

(a) “true” o; reconstructions (b) no data noise.

Kohn R. V., Vogelius M., Comm. Pure Appl. Math. 40:745-777 (1987)
Kohn R. V., McKenney A., Inverse Problems 6:389-414 (1990)
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Concept of error in constitutive equation

Energy (ECR-like) functional for ill-posed boundary value problems

w=" u, ="

£(a,q) = /ka(ul —u2). V(- u?) dV

U=1U, Uy =(q

Un=4(
Andrieux S., Baranger T., Ben Abda A., Inverse Problems 22:115-133 (2006)
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1. Concept of error in constitutive equation
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Time-harmonic elastodynamics

Framework

® Elastodynamic ECR-based reconstruction of heterogeneous elastic properties
® No prescribed boundary data:

> Well-posed forward problem a priori unclear (in contrast to usual inversion sitiations);
® This talk (based on [Aquino, B; SIAP (2019)]): internal kinematical data only

> (possibly overdetermined) boundary measurements may also be accounted for
> Cases with well-posed BCs covered as special cases

Q" (u = u™)

0Q =T (BC unknown)

Balance (SA):

(o,elw]) g —w?(pu,w), = F(w) forall weW:=H{(Q),
Kinematic compatibility (KA):  w € U := HY(Q),

elu] = %(qut vu') inQ,
Constitutive (linear elastic):

o =C:elu] inQ.
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Time-harmonic elastodynamics
Modified ECR (MECR) functional
MECR functional:

Ak (u,0,C) :=E(u,0,C) + KD(U — Uops)

E(u,0,C) = %/(o-—C:e[u]):Cilz(a—C:e[u]) dv
Q
D : quadratic >0, eg. D(w) = %/ |w|? dV
Q'"L

> Enforces kinematic data via penalization (so data not embedded in KA space)

> k: tunable penalty (or coupling) parameter, akin to regularization (see later)

Reduced MECR:

(u,0) ;== argmin Ak (v,7,C), Aw(C) = Ax(u,0,C) (PM)
vEKA,TESA

> Quadratic minimization problem (see later), i.e. linear stationarity egs.

> u, o best compromise between (i) constitutive guess C, (ii) measurements

> Ay (C) #0: residual MECR value reflecting incorrectly-known material.
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Time-harmonic elastodynamics

Constitutive identification problem

Full-space approach:

(u,0,C) := arg min Ay (v, 7,0C).
veld, 7eS(v),CeQ

Reduced-space approach: based on the reduced MECR:

(u,0) := argmin Ag(v,7,C), Ak (C) := Ax (u[C],o[C],C)

vel, TeS(v)

(at least) two approaches for the constitutive identification problem:

1. Minimize A (C) (e.g. using CG, BFGS...)

Each evaluation of A (C), . (C) needs to solve (PM).

2. Minimize A. (u,o,C) via alternate directions
® Field update (global) via (PM), C fixed: u, o

® Constitutive update (local, often closed-form)

Problem (PM) plays a key role.

C* := arg min A, (C)
ceQ

C* := arg min A, (u, o,C)
CceQ
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Time-harmonic elastodynamics
Stationarity equations
Lagrangian (incorporating interior dynamical balance constraint with multiplier w € H(l)(Q))

L(u,o0,w,C):=E(u,0,C) + kD(u — Uops) + { ((:l',e[w])Q - o.;2(pu,w)Q f}'(w)},
w € H{(Q)

First-order optimality conditions:

Ol =0, OsL =0, Ouwl =0, acczo|au5:o, oL = 0, awc:o,| L =

(i) Partial minimization of (u,o) — As(u,0,C) := E(u,0,C) + KD(u — Ugps):

A(w, w,C) + B(u,w,C) = F(w) for all w e W

=C: - )
o elu—w] B(#@,w,C) — kD(u, &) = —~D(tops, &) for all w e

B(:,-,C) :== A(+,-,C) —w?M(-,-): dynamical stiffness bilinear form

(i) Partial minimization of (u,o) — Ak (u,0,C) := E(u,0,C) + KD(U — Ugps):

A(w,w,C) + B(u,w,C) = F(w) for all w e W
o=C:elu—w] , _ _ . —

B(u,w,C) — kD(u,u) = —KD(Uobs, W) for all u e
B(-,-,C) = A(,-,C) —w?M(,-): dynamical stiffness bilinear form

(ii) Nonlinear stationarity equation on C:
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Time-harmonic elastodynamics

Well-posedness of stationarity problem (finite-dimensional case)

® Coupled stationarity problem (replaces forward + adjoint):

A(w, @,C) + B(u, ®,C) = F(w)

for all w e W

B(w,w,C) — kD(u, ) = —£D(Uops, W) for allweld

® Let dim(U) =n, dim(W) =m <n.

A:WxW R — AcR™X™
B=A-w’M:UxW—-R — BeR™*"
D:UXU—R — D e R™*"

® Discretized stationarity problem (BC setup such that A invertible):

A
BT

B
—kD

It

w
u

= o)

® For any (u,w) solving the homogeneous system:
w"BTA 'Bu + ku'Du =0

Discrete stationarity system therefore well-posed if | N(B) N N(D) = {0} |

® Interpretation: available data must (more than) compensate lack of information on BCs

M. Bonnet (POEMS, ENSTA)
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Time-harmonic elastodynamics

Well-posedness of stationarity problem (continuous case)

® Let H:={u€el,| B(u,w,C)=0forallweW} underdetermined BCs on u (recall W C )

Theorem (W. Aquino, MB, 2019):

Assume D coercive on H X H (i.e. data compensates insufficient BC information).
The two-field stationarity problem

A(w,w,C) + B(u,w,C) = F(w) for all w e W
B(w,w,C) — kD(u,w) = —KD(Uops, ) for all w e

has a unique solution (u,w) €U X W, which is continuous in F, Ueps

Proof method: Treat stationarity pb. as perturbed mixed problem [Boffi, Brezzi, Fortin 13].

Highlights: Stationarity problem is well-posed if sufficient full-field data available
® holds for all frequencies
® holds for (almost) all cases of BCs (including underdetermined BCs)
® includes well-posed BC case, for which & = W = {u€ H'(Q), u=0 on I'p } (say)

Shortcoming: Assumed coercivity of D on H x H in H'-norm.
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Time-harmonic elastodynamics

Comparison with minimization of measurement misfit

® Conventional PDE-constrained constitutive identification: relation o0 = C:e[u] enforced.

® | agrangian:

L(u,w,C) := D(u—uops) + { (C:e[u},e[w])Q — w2(pu,w)Q —f(w)}, w e H(l)(Q)

® First-order optimality conditions:
O L =0, OwL =0, OeL =0
Forward and adjoint problems (coupled if W #U):
B(u,w,C) = F(w) for all w e W
B(u,w,C) — D(u,u) = —D(Uops, &) for all w e
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Time-harmonic elastodynamics
Magnetic resonance elastography (S. Kurtz et al., Montpellier U. / Sherbrooke U.)

Coupled forward-adjoint implemented (for freq. domain elastodynamic sensing using 3D internal
kinematic data) within a multizone approach

Stiffness (kPa) Damping ratio (%)
AFC DFC AFC

‘.

oy
14
|’_I_I
i
e

2 il
.
a
r
Difference AP - LR
S
B
" il
e
i . oy

S. Kurtz, PhD 2023
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Time-harmonic elastodynamics

Hessian of reduced MECR functional

® Consider reduced MECR functional A (C) := Ay (u,0,C)
® Expression of Hessian A//(C) established in terms of uc, wc and uy, w; (not shown)

® Large-r expansion of stationarity solution (suitable if data noise low enough):
(u, we) = (uo, wo) + £~ (w1, wi) + ... (E)
with (ug, wy) (€=0,1,2,...) defined as solutions of two-field problems.
® Insert (E) in A/(C) gives
Theorem (MB, W. Aquino, 2019)

For any C such that supp(é’) cQm:

Al©)€] = Aj(©)[C] +x~tA{(©)[C] + o(k™1)
where AZ(C)[C] >0, AY(C)[C] sign-indefinite

® A” is positive, i.e. Ay is “asymptotically convex”, in the k — oo limit if supp(€) C Q™
® No such result available for L? minimization, even with complete internal data
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Time-harmonic elastodynamics
Hessian of MECR functional

Q=(0,1), —(Bw) —(@2nf)*u=0b, w(0)=u(l)=0, E = X0,1/2) E1 + X[1/2,1) B2
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Time-harmonic elastodynamics

MECR-based alternate-direction reconstruction algorithm

= updating equations for the moduli.

® Assume unknown bulk and shear moduli Bg, Gg over element (groupings) E.
® Alternating direction minimization:

> At iteration ¢, available estimates G4~ and B2~ of moduli.
> Obtain u? and w? by solving the coupled systems of equations
> Update the moduli in each element or subdomain as

o _ lIsille2 lIsille,2

= 2G1 =
q ’ q
lexlle,2 lexllz.2
where ey (sy): volumetric strain (stress) and e (sg): deviatoric strain (stress)
associated with forward solution w and stress o =C:e[u —w].
® Correct updates B?, G? for possible violation of admissibility bounds.

® Morozov discrepancy criterion, if used: adjust x to measurement noise § through
enforcement of D(x) = 62 (outer loop)
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Time-harmonic elastodynamics

Morozov discrepancy criterion

® MECR functional: A (X, w;k) :=&(X,w) + «rD(X) with X := (u,0,C)
® Set E(k):=&(Xk,wx), D(k):=D(Xx) with
(X, wi) 1= arg minx ,, Awx (X, w;K)

Morozov discrepancy criterion: Seek X, r such that D(x) = 6% (§: data noise)

Lemma: (i) x — E(k) is increasing; (ii) x — D(k) is decreasing.

Moreover (from limiting cases k — 0 and kK — oo): D
® D(0) > 0 and D(c0) = 0;
® E(0)=0and E(c0) >0

Consequently:

If D(0) > &2, there exists x such that D(x) = §2 (fulfilling Morozov's criterion)
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Time-harmonic elastodynamics

Morozov discrepancy criterion

Proof of lemma: (a) we have L'(r) = (0x L, X') + (0w L, w’> + 0x L = D(k) and also
L'(k) = E'(k) + kD' (x) + D(x ) therefore | B/(x) + xD'(r) =0 |

(b) We have 0 = ds ({Ix L, X' ) + (O L, w')) = (L' (r) — D(,@))’.
Moreover:

0= d,i<8wll, w/> (constraint verified for any k),

0= d,;<8XL, X’> (stationarity egs. verified for any k)
= (% x L, (X', X)) + (05wl (X', w')) +(0x L, X" ) + D' (r)
= (0% x L, (X', X)) + D' (x)

and (0% £, (X', X)) > 0. Therefore and, by (a), .
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Time-harmonic elastodynamics

Example (2D reconstruction with 2D data and unknown BCs)

B (kPa) G (kPa)
0 5
J L
16 3
&
12
I §
8 14
Target: B =18 kPa, G =4 kPa
Background: B =8 kPa, G =1.5 kPa
177 7717 7177 Testing frequencies 10 Hz, 30 Hz, 50 Hz, 70 Hz
—_—
35
cm
R
=3
o
BR
. | |
1 2 1 2
d (em) d(cm)
Aquino, B 19
M. Bonnet (POEMS, ENSTA) Error in constitutive relation for material identificatio 23 /51



Time-harmonic elastodynamics

Example (2D reconstruction with 2D data): alternated dirs vs. BFGS

-10N
AR EEy

117777777777777777

Frequency = 40Hz

Hinclusion = 5kPa
Kinclusion = 10Pa

@ [lpackground = 1kPa
® Kbpackground = 10Pa
80x80 elements

wd 01
°

10 cm

Babaniyi, Sanders, Aquino 2017
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Time-harmonic elastodynamics

Example (2D reconstruction with 2D data): alternated dirs vs. BFGS

i . ~10 3 _10 5
. Inclusion problem: Pinitial = 10 °, Klnltial =10
107 g7, T T
'\ oy on seees BFGS,x = 166

n . =—===BFGS, =

101 * —BFGS, |
- ~ e, e ADM,
£ \ “rertes, —=ADM,
3 “ “a, m——ADM, « =1e6
o 102 [} e, i
=} \ %
<
> \0
c 3L i
510
©
5
L 10*f E
Qo
=
°©
L.10° F E
Ke)
(@]

10—6 L "

10° 102 104

M. Bonnet (POEMS, ENSTA)
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variables

o f=40Hz

@ [lexactincl = 5000

9 [lexactBack = 1000

Babaniyi, Sanders, Aquino 2017
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Time-harmonic elastodynamics

Example (2D reconstruction with 2D data): alternated dirs vs. BFGS

: . _Ev0 5 _10 5
, Inclusion problem: Pinitial = 510 °, Ki“iﬁal =10
1 = . T
e .
= \ '~
-1 \ , 4

10 \
< X . o 6400
3 102F \ E Lo
> \ optimization
= \, < BFGS, Kk = 1 :
S0t ~ ~-='BFGS.x = 1e3 ; variables

N ——BFGS, x = 166 _

S "\, | ADM, k=1 o f=40Hz
S 104 N\, |=+=-ADM, x =1e3 J
= \, ADM, & = 1e6 @ [lexactine = 5000
w \
Q1079 ¢ \ 3 ® llexactBack = 1000
3
=10° ¢ E
O

10'7 L L 1 1

10° 10" 102 10° 104 10°

Number of Iterations

Babaniyi, Sanders, Aquino 2017
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Time-harmonic elastodynamics

2D example (Experimental data)

Radiation Force Excitations Experimental Setup B-Mode Image

Assumptions:
¢ Bulk modulus and density equal to that of water
¢ Axisymmetric waves

Aquino, Babaniyi, Bayat, Fatemi 2017
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Time-harmonic elastodynamics

2D example (Experimental data): imaging of shear modulus

30 30

MECE-Experiment 2

L

SWE-Experiment 1 » SWE-Experiment 2 SWE-Experiment 3
Background Inclusion
Experiment SWE MECE SWE MECE
No. Mean STD Mean STD Mean STD Mean STD

.72_3.03 7.58 2.67 28.31 7.75 26.22 4.92
[ .72 35.73 7.95 2.28 55.25 57.00 26.99 14.4 |
.51 3.17 8.08 2.67 23.33 5.19 26.35 5.67
Average of 1-3 8.98 7.87 36.21 26.52
Actual 8.33 8.33 26.67 26.67

Aquino, Babaniyi, Bayat, Fatemi 2017
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Transient elastodynamics

Modified ECR functional (transient, time-discrete)

Presentation after [B, Aquino, Inverse Problems (2014)]
® Time-stepping, tx = kAt (0<k<N)

* {uw,v,a,0} :={(up, Vi, @k, Ok)o<k<n }:
time-discrete histories (displacement, velocity, acceleration, stress)
® Time-discrete MECR functional: N

1
Ak (u,0,C) :=ENn(u,0,C) + KDy (u) with e.g. Dy (u) := 3 Z |uk — Uops K 2
k=1
® Treat as constraints (i) initial and current interior balance eqns (in weak form)
(ii) Newmark(f3,~) update relations
® Minimization of A, : requires stationarity of Lagrangian L:

L(u,v,a,0, u,v,a, C) := Ay (u o,C)

+Z{ ok, elug]) + (par, wr ) — Fp UA)}

*(]

i Z {<(uk~*uk’71 —Atvg_y — AP [(1-B)ax—1+Bay]), ar )
=il

+ ((vg —vp—1 —At[ (1 —7)ar_1 +’Yakv})-,17kv>}

® Treatment valid for (more-general) a-generalized schemes (not discussed here)
® [Allix, Feissel, Nguyen 2005]: MECR for transient 1D case
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Transient elastodynamics
Stationarity problem

@

= o = C:elu, —ug]

(b) | Ou, L=0, 05, L=0, 0a,L=0 | — forward problem for (u,v,a)
RHS depends on (@, v, @) — unusual!
Newmark

(c) | OuyL=0, 0y L=0, O, =0 | = backward problem for (@,,a)

RHS depends on (u, v, a) — usual
adjoint Newmark

(d) —> Constitutive updating formulae

Newmark and adjoint Newmark obey same stability conditions.

Alternate-direction minimization
For each iteration of main minimization loop:
® partial minimization of A, (u, o, C): solve (a,b,c) for (u*,v*,a*), (u*,v*,a*)
coupled forward-backward problem;
® partial minimization of A (u*,0*,C): solve (d) for C*
(analytical pointwise updating formulas = easy)

Coupled forward-backward problem (a,b,c) = major computational bottleneck

M. Bonnet (POEMS, ENSTA) Error in constitutive relation for material identificatio
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Transient elastodynamics
Coupled forward-backward stationarity problem

Coupled system of stationarity equations, in block form:

5 ol {0} = {ooom} -

where
* U :={(uf,v],al),..., (ul,v),al)} (kinematical history);
* W' := {(a],v],ag),...,(a)y,0y,ay)} (multiplier history);

® [: applied excitation;

® B: Newmark integrator, such that BU =G forward dynamical analysis;
B™W = H: backward dynamical analysis;

A: (sym. s.p.d.) coupling matrix, from ECR part of A;

Kinematical constraints: wi €U, uy € W for all k.
Blocks B, BT are square if i/ = W, i.e. ['p = T\T'y
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Transient elastodynamics

Stationarity problem: circumventing the coupling bottleneck
B —-A| U] _ F
kD BT| W/ | «DU™[ ~’

Proposed remedy to coupling bottleneck: block-SOR iterative scheme:

B 0] fUGEDY  [1-n)B —nA U@ n nF
nkD  BT| WG+ [ 0 1—n)BT| | W® neDU™ [ °

(0 <7n < 2: relaxation parameter)

MB, W. Aquino,Inverse Problems, 2015
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Transient elastodynamics
Convergence of block SOR algorithm

® Block-SOR and Jacobi iteration matrices (U: stationarity solution):
UG+ _pr U® —u*
{W(i+1) 7W*} =Ra {WW 7W*} (a = J,SOR)
® SOR converges iff psor := p(Rsor) < 1
® Eigenvalues X\ of Rsor and p of Ry (simpler to evaluate) linked [Varga 62]

Proposition (MB, A. Aquino, 2015)

Let 1o :=2(1+py)~L. Then, psor(n) <1 for any n €]0,n0[. Moreover:
(a) mi

n
n€]0,mo

b = 0(k'/?), dh li =0, I i =1
(b) py=0(x"/7), and hence lim no Kl_)mooﬂerﬁ)lﬁlm[PSOR(n)

psor() =1—m  with m =2/(1+ (1+p})"/?)

k large (suitable for accurate data) (i) narrows convergence interval |0, no[
(i) increases block-SOR iteration count

M. Bonnet (POEMS, ENSTA) Error in constitutive relation for material identificatio
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Transient elastodynamics

2D example (block SOR assessment)

® |oad: time-harmonic pressure on top side (duration 1s, freq. 1Hz);

bottom side clamped
° (Bl7G1) = (31 2); (BQ7G2) = (674)

® Full-field measured displacement for 1s duration

® Time step: At=0.01s

® Meshes: 13,122 nodes (reconstruction, regular mesh),

19,216 nodes (data generation)

g = —sin(27t)ey

ERREEEN

’

(BiG)

Iterations

100

80

60

40

20

05 1
7 (SOR relaxation parameter)

Simulations by WA, using the Sierra/SDA code of SANDIA Natl. Labs.

M. Bonnet (POEMS, ENSTA)
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Transient elastodynamics

3D example (synthetic data)

® |oad: time-harmonic pressure on top and side faces (duration 1s, freq. 1Hz);
bottom face clamped

Full-field measured displacement for 1s duration
® Time step: At=0.01s

® Meshes: 50,000 nodes (reconstruction, regular mesh),
75,000 nodes (data generation)

® 550,000 unknown moduli

-
B _— e
8
16
12
8
. Ia
3
s P
B* G*
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Transient elastodynamics

3D example (Synthetic data)

target

® About 200 MECR iterations;

® At most 5 SOR iterations per
MECE iteration

target

target
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Transient or time-harmonic viscoelasticity
Introduction

This part follows [B, Salasiya, Guzina; JMPS (2024)]
® Material characterization of lossy solids treated as linear viscoelastic: applications e.g.
> Account for lossy biological media in elastography
> Geomechanics, geophysics (dissipation linked to e.g. hydrocarbon reservoir parameters)

slab specimen SLDV targets

ultrasonic
source

dissolved CO2 depleted

fluid

OR dissolved precipitates

Viscoelastic characterization of rock specimens undergoing carbonation,
excited under ultrasonically plane stress condition.
® Use of interior data feasible: ultrasound, MRI, laser vibrometer in rock mechanics
® This work:

> Extension to linear viscoelasticity of elastodynamic MECR with missing BC info
Focus on case with interior measurement and no BC information
> Both transient and time-harmonic cases treated

This work, US side funded by Center on Geo-processes in Mineral Carbon Storage, US Dept. of Energy
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Transient or time-harmonic viscoelasticity
Linear viscoelastic solid as a generalized standard material

® Standard generalized material format for linear viscoelasticity:
olu] = o[u] + oV [u]
ou] = 91, oV [u] = dep, Alu] = =94 = g .

® Free-energy potential and dissipation potential of general form (must be convex)

U(e, a) = %({-::CE:.r-:-i—2{-::Cm:oz—|—o¢:Ca:o¢)7

.. 17- . . . A . p=C:,Cq,D:...
p(& &) = E(EZDEZE+2€:DmZOLJrOL:'DaZOL),

> o “viscoelastic strain” internal variable,
> Ce,Ca,De, Dy 4th order tensors (maj + min symm., define positive quadratic forms,
> Cm, Dm: 4th order tensors (min. symm., maj. symm. for convenience), s.t. ¥, ¢ > 0.

® Viscoelastic strain
Dot +0ap=0 = |aful(t) = ~D3':Dm:e(t) ~ Fl:e](t) |

N t
C:=Cm—Co:D D,  Fls(t) =/ exp[=D1:Calt—7)]: D s s(r) dr
0

® Stress-strain relation:
olu)(t) = C :e(t) + Dy:&(t) — C:F[C:e](t)
with instantaneous tensors
c|=c£7cm:c;1:cm+ET:c;1:E, D.:DE—Dm:Dj:Dm
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Transient or time-harmonic viscoelasticity
Inverse problem

® |dentify (homogeneous or heterogeneous) VE parameters p = C.,Cq, D ... from interior
kinematic data wops(+,t) or Uops(+,w)

Q

Qm (u — um)

0Q =T (BC unknown)

® This work: MECR-based PDE-constrained approach
T

min E(u,o,p) + KDr(U — Uobs) st. uKA,o DA| Dr(v) = % D(v(t))dt
0

u,o,p

® Conjugate potentials:
P*(6°, A) = max[c®:e — A:a — Y(eg, )],
£,
¢ (0¥, A) =max[oV:é+ A:q — p(&,&)].
£,0
® | egendre-Fenchel gaps:
ep(e, 0,0 A) :=Y(e,a) +Y*(6°,A) —0c°:e+ A:
eo(€,0,0V,A) :=p(&,a) + " (6, A) -0V :é — A:a
® Chosen pointwise ECR: eecr(,t) = €y (x,t) + Tep(x,t) .

A\ARWV

M. Bonnet (POEMS, ENSTA) Error in constitutive relation for material identificatio
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Transient or time-harmonic viscoelasticity

Example: standard linear solid

C.=-Cm=0Cy, Ca =C1+Co2, D, =D, D. =Dy =0,

1
Y(e, o) = %(efa):cls(efa) —+ 501:(32:01, p(&, &) = %d:D:d,
Y (o, A) = %(O'—A):CQ_I:(O'—A) + %U:Cl_l:a', ¥ (A) = %A:’D_I:A.

Cy

G

olul=0cu]=Ci:(e—a), Aul]=Ci:(e—a)—Cr:a=Dy:&, «oft)=F[C;:€g](t)

Pointwise Legendre-Fenchel gaps:

(0'7(31:(efa)):Cflz(o'fcl:(efa)) + %(U*A702:a)lc271:(0'7A7cgla))
(A-D:&): D ':(A-D:a).

€w=

N|= D=

€

M. Bonnet (POEMS, ENSTA) Error in constitutive relation for material identificatio 38/51



Transient or time-harmonic viscoelasticity
MECR-based minimization

® Displacement spaces:

u:=v, W:={v€V,v=00nF}CL{

V: energy space, e.g. V = H'(Qx [0, T];R%) (transient), V = H(;R%) (time-harmonic)
® [nterior balance of linear momentum, weak form (interior equations only):
T
// (o:e[w] + ptr-w) dt dV =0 YweW.
QJo

® Overall constitutive mismatch for given p (with X := (u, o, 0,07, A)):

|£(x,p) = &°(elul, 0%, A,p) + £ (Elul &, 0, A,p) |

T
// ey(e, a,0° A,p)dt dV, 5"::// Tey(é,,07, A, p)dt dV.
QJo
® Modified ECR (MECR) functional:

[ A (X, D) 1= E0X,B) + LDr(u— thops, u— tits), |

® Find compromise p, X (constitutive equations vs. data reproduction):
PDE-constrained minimization

r§(1in A (X, p) subject to w €U and (weak) balance eq. .
P
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Transient or time-harmonic viscoelasticity

1st-order optimality conditions of MECR functional

I;(lin Ax(X,p) subject to u €U/ and (weak) balance eq. .
P

® Lagrangian (Lagrange multiplier w € W):

L(X,w,p) := Ax(X,p) — // V):elw] + pit-w) dt dV.
® Ist-order optimality conditions: stress and internal variables:

(@)  (0geL,5°)=0 V&°, (c) (8aL,A) =0 VA,

(b) (9vL,57)=0 V&Y, (d) (0aL,) =0 Va

1st-order optimality conditions: kinematical variables:
(a) <8w£,ﬁ)>:0 Y w,
(b)  (OuL,u)=0 Va,

1st-order optimality conditions: material parameters:
<8p£,ﬁ> =0 Vp.
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Transient or time-harmonic viscoelasticity
1st-order optimality conditions: local equations

Local stationarity equations (e = e[u], n = e[w])

(a) 0=/Q/T{a,ew*fsfn}:39dtdv V&,
0

(b) O:/Q/()T{T(&vcp*—é)—n}:&"dth A

() 0:/9/0T{8A¢*+a+:r(amp*—a)};ﬁdtdv VA,

(d) 0:/Q/OT{(8aw+A):a—i-T(adcp—A):&}dth Va, &(+,0)=0.

Closed-form solution:

o° :CE:E-I—Cm:a—i-(Ci—i—Cm:C;l:a):n—Cm:B,
(a), (b), (¢) = UV:DmZd+D52é+%D|:T]7%'Dmiﬁ,
A:Da3d+Dm:é7 %Da:ﬁv

(£Da+Ca):B=Da:&+Dm:é+Caia+Cmic+Cin.
(d) — 0:8(11/}+A—T8t(8a90—A), 0= (8a50—A)(T),
= Dy:B-Ca:B+C:in=0, B(T) =0 using (a)-(c)

— | B) = Fe[Cimel (1) (fa(t) = F(T—1))
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Transient or time-harmonic viscoelasticity

1st-order optimality conditions: local equations

o° :C5:5+Cm:a+(C2+Cm:C;1:8):n7Cm:ﬁ,
(@), (b), (c) = 0" =Dn:&+D::é+ £Di:m— +Dm: B,
A=Dy:6+Du:é— £Do:f,

(ADa+Ca):B=Da:+DPm:é+Ca:a+Cm:ie+Cin. (%)

(d) = |B(t)=FCing](t)

® Use 3 in (x), to obtain
a(t) = alu](t) + F[Da: (38+8))(t)
Finally, evaluate & = 0°+ oV to find
o(t) = ou](t) + St[w](t) Silw]=(Ci+ %’DO m+ c. (afa[u] 7,6).
® Key property:

T T
/St[w]:ndt:/ {17:(C§+%'D.):n+%ﬁ:'Da:,B+,3:’Da:Cgl:'Da:,3}dt20.
0 0

Purely elastic case much simpler: | o(t) = olu|(t) + ow](t) = C: :elu+w) | sole local eqn. J
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Transient or time-harmonic viscoelasticity

1st-order optimality conditions: global equations
® A priori:

T
// (o:el@] + pis-@)dt dV =0  V@BEW.
QJO

T . .
/ / [ (90— 0°) el + T (90 — o) celil] — pw i } dt av
aJo
T
+H/ D(u—Ugps, w)dt =0 Vuelu.
® Use o = ofu| + Si[w], integrate by parts in time, use results from local stationarity cnds
and reciprocity identity foT (ou]:e[w] — or[wr]:e[u]) dt = (elw]: Di:elu]) |§

Obtain forward-backward (underdetermined / overdetermined) stationarity system for w, w:

// (ofu]:e +puw)dth+// Si[w]:ew]dtdV =0 VYweWw,
w(-,0) = a(,0) =0  inQ,
T T T
/Q/O (on [aue]: €[] + pio-5) dth—n/O D(u,ﬁ)dt:—n/o Dl )
Yuel,
w,T)=w(,T)=0 inQ.

® Unique solvability for (u,w) € U x W expected if (i) sufficient data weps, (ii) cnds. on Dr.
(by analogy with time-harmonic elastic case [Aquino, B 19])
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Transient or time-harmonic viscoelasticity

Some remarks

® |f more-general boundary decomposition I' = I'p U I'y U T'c (with possibly |[T¢| # 0), use
U:={veV,v=00nTp}, W:={veV,v=0onTpUl.} CU.
® For well-posed BCs, |I'c| =0 and W =U.

RRRARRRRARRE! RRAARERRARER

Iy (e.n=g) Ty (Gn—g)
Q QO
Q" (u=u™) . (BC unknown) " (u = um)
I'p (u=0) I'p (u=0)
90 =TyUlpUT, 90— IyUTp
partially-specified BCs well-posed BCs

® |f additional prescribed excitations, weak balance of linear momentum becomes

T
// (o:ew] + pir-w) dt dV = F(w) YweW,
QJo

® |Initial (final) rest assumed for simplicity for u (w). How to adapt to cases with unknown
initial values for u?

® Weighted ECR of form £ = £° + &V easy to implement (e.g. stronger focus on dissipation).
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Transient or time-harmonic viscoelasticity

MECR formulation for the time-harmonic case

® Conventions: T'= 27 /w and

T _
/ / uvdVdt = E/ Re(u-v) dV, (0zf, @) = Re{(Ozr f +10x, f)- T }
QJo wJQ
® Quadratic potentials become Hermitian forms, and
1
Y(e, a) = 5(6:C5:5+a:cm:é+ezcm:d+a:Ca:¢i),
oflu] =C.:e +Cm:ax, oV|u] = —iw(De:e + D),
p(e,a) =wple, @),  dap(é, &) = —iwdap(e, )
® Time-harmonic constitutive relation
ofu] = (6° +o")[u] = C(w):e,

C(w) = (Ce —iwDe) — (Com —iwDm): (Co —iwDa) L : (Cm —iwDim)
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Transient or time-harmonic viscoelasticity

Stationarity system for the time-harmonic case

® Time-harmonic ECR functional:
EX,p;w) = / {ew(s,a,ac,A,p) +Tew(e,a,a"’,A,p;w)} dV,
Q
with Legendre-Fenchel gaps given by
6¢(€7 «, Ue7 A, p) = ¢(€7 o, p) + w*(aev A, P) - Re[ae € — a]
co(e, 0,07, A, piw) == w?p(e,a,p) + ¢* (0¥, A,p)—Re[iw(c¥:e + A:a)],
® MECR functional:
A’f (X? P,W) = g(xi pvw) + %HD(u_uOb&u_uobSL
® Lagrangian (with Lagrange multiplier w € W):
L(X,w,p;w) :=As(X,p;w) — Re{ / ((6°+0Y):e[w] — pw’u-w) dV}.
Q
Local stationarity equations yield
o =C(w):e+S(w):m
where 8(w) Hermitian positive definite:

S(w)=CS + %’D| +C":(Ca —iwDa)flz(%’Da—i-wZ’Da €21 Da): (Co+iwDy) L :C.
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Transient or time-harmonic viscoelasticity

Stationarity system for the time-harmonic case

® Global stationarity equations: A priori they read
/ (o:e[®] — pw?u-w) dV =0 Vwew.
Q
/ { (0= — 0° — iwT (iwdep + o)) :e[a] + pw2w-ﬁ} dV = —kD(u—teps, ) VaEU
Q

® Use results from local stationarity, to obtain

[ { (€ selu)):ef@) - putu@ } av + [

(S(w) :e[w]) :e[w] dV =0
Q

/ ((C(w) cew]) :e[a) — prw-§> dV — kD(u — Ueps, @) = 0 Yueu
Q
® Stationarity system: perturbed mixed pb. (as in [Aquino, B 19] for time-harmonic elasticity)

S(w, w;w) + C(u, w;w) =0

Ywew

VYweWw,
C(u,u;w) — kD(u, ) = —nD(uobs,i) Vuel,
Clu, w;w) = (C(w):elul, e[ﬁ)])ﬂ —wz(p'u,, 17))9,
S(w, Uy w) =

(S(w):elw], e[@]),
® Key property: S coercive on W x W.
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Transient or time-harmonic viscoelasticity

Numerical results (computations by P. Salasiya, B. Guzina)

1

1/8 1/8

® (possibly overlapping) subzones 2 = S U...U Sy

® |dentify heterogeneous p subzone-wise

® Computational experiments: 4 sources, 2 excitation directions each, 4 frequencies,
M = 4 x 4 square subzones

® Synthetic data generated with fine mesh (h = .0025, p = 3);

® |dentification, stationarity solves etc. performed with coarser mesh (h = .05, p = 3), avoids
“inverse crime”;

o Kn(p) minimized using SLSQP algorithm, p pixel-wise constant, N' x A pizels per subzone,
resolution refinement V' = 1,5,7.

® Noisy data: under progress, x set by seeking the “corner” of ther L-curve.

following Tan et al. (2016), McGarry et al. (2022) for elastography
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Transient or time-harmonic viscoelasticity

Numerical results (P. Salasiya, B. Guzina)

Isotropic standard linear solid model, p=(x, u, &', ', 17, x)

s s
o) = B i) 2l i)

K+ k' —iwn w4 p —iwx
[Parameter[n[u[ﬁ[u’[ n [ X [
Background | 8 [3| 3| 1 | 0.01 | 0.3

Inclusion [10(5| 5 (25| 0.05 | 0.7
Initial guess | 2 | 2| 2 | 2 |0.005 |0.005
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Transient or time-harmonic viscoelasticity

Numerical results (P. Salasiya, B. Guzina)

[ Parameter [ K [

Inclusion 10
Initial guess | 2

Kelvin-Voigt bulk approximation (due to n < 1):

n
Background | 8 | 3
5
2

. kiK' K
K(p,w) = kq — iaw + O((w)?), ke = - N

1/8
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Transient or time-harmonic viscoelasticity

® Stationarity problem for the transient case:

> well-posedness results, conditions on the data?
> potential computational bottleneck

Thank you for your kind attention!
Any questions?
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